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Abstract 



This work is a follow-up on [GOVW]. In that previous work a two-scale 
approach was used to prove the logarithmic Sobolev inequality for a system of 
spins with fixed mean whose potential is a bounded perturbation of a Gaussian, 
and to derive an abstract theorem for the convergence to the hydrodynamic limit. 
This strategy was then successfully applied to Kawasaki dynamics. Here we shall 
use again this two-scale approach to show that the microscopic variable in such 
a model behaves according to a local Gibbs state. As a consequence, we shall 
prove the convergence of the microscopic entropy to the hydrodynamic entropy. 



Contents 



1 Background and Main Results 

1.1 Logarithmic Sobolev inequalities 

1.2 Hydrodynamic limits 

1.3 Kawasaki dynamics 



4 

4 
5 
9 



2 Proof of Theorem 11.51 



14 



3 Application to Kawasaki Dynamics 



3.3 Proof of Proposition 11.161 



3.1 Proof of Theorem 11.141 



3.2 Proof of Theorem 11.151 



[22 

22 
25 
36 



*LPMA, University Paris 6, France, mfathi@clipper.ens.fr. 



2 



Introduction 

A local Gibbs measure is a vague term used to designate a measure whose 
density (with respect to the plain Gibbs measure) takes the form G(x) = 
exp(^AjXj), where the coefficients Aj vary "at macroscopic scale". They have 
been used by Guo, Papanicolaou and Varadhan in [GPV] for the Ginzburg- 
Landau model, and also play a crucial role in the relative entropy method 
devised by Yau in [Y]. They represent in some sense a "typical" microscopic 
distribution having the correct hydrodynamic profile. The main result in [Y] 
can be informally summarized as follows: if the initial datum is in local Gibbs 
state, then at later times the microscopic variable is very close (in the sense 
of Kullback information) to be in local Gibbs state too. The local Gibbs state 
Yau used is defined in terms of the hydrodynamic equation, and chosen so that 
it is close to being a solution of the microscopic equation. 

In a more recent contribution, Kosygina [K] proved that the solution of the 
Ginzburg-Landau model behaves like a local Gibbs state for all positive times 
even if it does not at initial time. That is, there is a time-dependent family 
of vectors X(t) such that, if f(t, •) is the density at time t with respect to 
the equilibrium measure /i of a system of N continuous spins Xi interacting 
according to Kawasaki dynamics, then the relative entropy of j '/x with respect 
to the measure v{dx) = -| exp(A • x)/i(dx), given by 



with p being the density of ffj, with respect to u, goes to when N goes to 
infinity for any time t > 0. The equilibrium measure fi(dx) := exp(— H(x))dx 
is assumed to have a Ginzburg-Landau type potential, that is 



where ip is the single-site potential. Kosygina's proof relied on the logarithmic 
Sobolev inequality, and she used an assumption of uniform convexity of the 
Ginzburg-Landau potential ip. In the present work we shall generalize these 
results to cover a certain class of nonconvex potentials. At the same time we 
shall point out the role of another information-theoretical inequality, the so- 
called HWI inequality introduced by Otto and Villani in [OV] . This inequality 
will allow us to pass from a convergence in a Wasserstein distance sense to 
a convergence in relative entropy. To be used efficiently in this setting, the 
HWI inequality needs a log-concave reference measure, which is not the case 
for the microscopic equilibrium measure when ip is not convex. This is why we 
shall use, like in [GOVW], the convexification induced by the macroscopic block 
decomposition. Since we will then need our local Gibbs state to be compatible 
with the passage to macroscopic scale, we will use a local Gibbs state slightly 
different from the one used in [Y] (the value of A • x must only depend on the 
macroscopic profile associated with x), but such that when N goes to infinity, 
the relative entropy with respect to either measure behaves in the same way. 
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As in [K], we shall also prove the (physically relevant) convergence of the 
microscopic entropy to the macroscopic (hydro dynamic) entropy, that is 

± J f(t, x) log fit, x)n(dx) jf <p(C(t, 6))d6 - Qf C(t, 6)d6^ , 

where ( is the hydrodynamic limit, and is the Cramer transform of the poten- 
tial. However, we shall deduce it from the local Gibbs behavior, while Kosygina 
does it the other way round. 

Our two-scale approach will only yield convergences in l}{dt). However, by 
using Yau's relative entropy method in conjunction with these results, we will 
be able to prove that the convergence is uniform in time, as long as we stay 
away from time t — 0. 

The plan of this paper is as follows : in Section 1, we will recall the framework 
and results of [GOVW] which will be used in this article and present our main 
results, in both the abstract framework and their application for Kawasaki 
dynamics. Sections 2 and 3 will then give the details of the proofs. 

Notation 

- V stands for the gradient, Hess for Hessian, | • | for norm and (•, •) for inner 
product. Whenever necessary, the space to which these are associated will be 
indicated with a subscript. 

- A 1 is the transpose of the operator A. 

- Ran(A) is the range of the operator A. 

- <£>(x) = xlogx. 

- Ent M (/) := / $(/)<i/x— $(/ fd/i) is the (negative of the) entropy of the positive 
function / with respect to the probability measure /x. 

- C is a positive constant, which may change from line to line, or even within a 
line. 

- Z is a positive constant enforcing unit mass of a given probability measure. 

- ids is the identity map E — >■ E 

- LSI is an abbreviation for Logarithmic Sobolev Inequality. 

- T(Y, | • \ Y ) '■— / exp(— \y\y/2)dy is the Gaussian integral on the space Y with 
respect to the norm | • |y. 

- C 1,2 (A x B) is the space of real- valued functions on A x B which are C 1 with 
respect to the first variable and C 2 with respect to the second variable. 

- W^(/i, v) is the Wasserstein distance between two probability measures ji and 
v with finite second moment. It is defined through the formula W^(At, v) 2 := 

inf f \x — y\ 2/ n(dx, dy), where n is the set of all coupling of /x and v. 

7rgn 
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1 Background and Main Results 

The aim of this section is to recall the setting and the main results of [GOVW] , 
as well as to present the new results brought by the present paper. 

1.1 Logarithmic Sobolev inequalities 

Throughout this work, X and Y are two Euclidean spaces. It is convenient to 
think of X as the space of microscopic variables, and Y as the space of macro- 
scopic variables. We consider a linear operator P : X — » Y, that associates to 
the microscopic profile x the corresponding macroscopic profile y = Px. We 
shall assume that there is an integer N G N, which measures the size of the 
microscopic system, such that 

PNP 1 = id Y . (1.1) 

We shall keep the same framework as in [GOVW], by considering a measure 
n(dx) = exp(—H(x)) dx on X, and its decomposition, as induced by the opera- 
tor P. The measure p = P#/-i is the distribution of the macroscopic profile, and 
for all y G Y, fi(dx\y) is the conditional distribution of x given Px = y. This 
decomposition induces a natural coarse-graining of the microscopic Hamiltonian 

H, defined by H(y) := -^log (f ), so that 

jl(dy) = exp(-NH(y)) dy. 

One of the tools frequently used to study particle systems is a logarithmic 
Sobolev inequality. Let us first recall the definition: 

Definition 1.1. Let X be a Riemannian manifold. A probability measure // 
on X is said to satisfy a LSI with constant p > if, for any locally Lipschitz, 
nonnegative function f G L 1 (p), 

J /log(/)dA*- (J fdv\ log (j fdf^ < l -f ^fdp. 

There are many criterions and applications for LSI in the literature. [L] contains 
a nice introduction to the topic. One of the main results of [GOVW] is the 
following sufficient condition for LSI, based on the two-scale decomposition of 
fi. 

Theorem 1.2 (Two-scale LSI). Let fi(dx) = exp(—H(x))dx be a probability 
measure on X , and let P : X — ?• V satisfy U.l\) . Assume that 
(i) k : = 

max { (Hess H(x) ■ u,v) ,u G Ran (Nptp) , v G Ran (id x - NP l P) , | u\ = \v\ = 1} 

(1.2) 

is finite; 
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(ii) There is p > such that p(dx\y) satisfies LSI(p) for all y; 
(Hi) There is A > such that p satisfies LSI(XN). 
Then p satisfies LSI(p), with 




>0. (1.3) 



1.2 Hydrodynamic limits 



Let us now recall the setting of the abstract criterion for hydrodynamic limits 
proved in [GOVW]. We endow the space X with a Gibbs probability measure 
p, and we consider a positive definite symmetric linear operator A : X — Y X. 
The stochastic dynamics on X that is studied is described by the equation 

l(fp) = V-(AVfp). (1.4) 

This equation is to be understood in a weak sense. That is, for all smooth test 
function £, we have 4 J £(x)f(t,x)p(dx) = — J V£(x) • A\7f(t, x)p(dx). Given 
an initial condition /(0, •) such that f(0,x)p(dx) is a probability measure, the 
solution f(t,x) is at all times the microscopic density of a probability measure 
with respect to p. 

The aforementioned abstract criterion states that, under certain conditions, and 
in a precise sense, the macroscopic profile f(t,y) = J f(t,x)p(dx) is close to 
the solution of the following differential equation : 

d j- t = -AVH( V (t)) (1.5) 

where A is the symmetric, positive definite operator on Y defined by 

A' 1 = PA- l NP l . (1.6) 
We can now recall the abstract theorem proved in [GOVW] : 

Theorem 1.3. Let p(dx) = exp(—H(x))dx be a probability measure on X , and 
let P : X -> y satisfy (CO]]. We define M := dimV - 1. Let A : X -> X be 
a symmetric, definite positive operator, and f{t,x) and rj(t) be the solutions of 
fli.^P and U.5\) . with initial data /(0, •) and r] respectively. Assume that : 

(i) k as defined by U.ty) is finite; 

(ii) There is p > such that p(dx\y) satisfies LSI(p) for all y; 

(Hi) There is X > such that (Hess H(y)y, y)y > A(y,y)y for all y, y G Y; 

(iv) There is a > such that J x \x\ 2 p(dx) < aN; 

(v) There is (3 > such that mfH(y) > —(3; 

y£Y 

(vi) There is 7 > such that for all x e X , 

\{id x -NP t P)x\ 2 < ^M- 2 (x,Ax) x ; 
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(vii) There are constants C\ and C2 such that the initial datum satisfy 
J f(0,x)logf(0,x)p(dx) < C X N and H(rj ) < C 2 . 

Define 

©(*) : =^/ ((x - NP^iA-'ix - Nptriit))) f(t,x)v(dx). 

Then for any T > 0, we have, with p given by U.3\) . 
max <^ sup 9(t), § J Q T (J Y \y - r}{t)\ Y f(t,y)fi{dy)) dt 

[_0<t<T 

<0(O) + T(f) + 
=: E(T,M,N). 







\ 2Ap 2 ) 





This theorem means that, if we consider a sequence of data 

{Xi,Ye, Ni, Pe, Ae, pi, fo/,r] ^}eem that satisfies the previous assumptions with 

uniform constants, and if we assume that 

M e t 00; iV.too; -± 1 00 (1.7) 

Mi 

and that the initial data 0^(0) goes to 0, then for all T > we have 

lim sup / {x - NePfaeit)) ■ Aj\x - NiP^ e {t))fi{t, x)m{dx) = (1.8) 
and 

!i m / / \y ~ Ve(t)\Yfe(t,y)p(dy)dt = 0. 

Remark. As noted in [GOVW], hypothesis (iii) of this theorem implies hy- 
pothesis (iii) of Theorem 11.21 by the Bakry-Emery theorem, a proof of which 
can be found in [L]. 

Using this result, we will deduce bounds on the relative entropy with respect 
to a well-chosen local Gibbs state. Let us first give a precise definition of what 
we mean by a local Gibbs state. 

Definition 1.4. Let rj 6 Y . The local Gibbs state associated with rj is the 
probability measure on X whose density is given by 

G v (x)n(dx) = Z~ x exp (A- x) n{dx), \ = NP t VH{j 1 ). (1.9) 

Remark. Notice that, in this definition, G v (x) only depends on the macro- 
scopic profile Px. This differs from the local Gibbs measure used in [Y], which 
(slowly) varied at the microscopic scale. But here, we force the maximum of the 
macroscopic probability density to be reached at rj, which makes this definition 
convenient. 
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We can now formulate our results in this abstract setting: 

Theorem 1.5. Let G(t, •) = G v ^' denote the local Gibbs state associated with 
i](t), where i](t) solves the macroscopic equation U.5\) . Suppose assumptions (i) 
to (vii) from Theorem \1.3\ hold. Further assume that 

(viii) There is r > such that A > rldx 

(ix) The Hessian of H is bounded above, i.e. there exists A > such that for 
all y we have Hess H (y) < A Id; 

Then 

(a) The relative entropy with respect to the local Gibbs state is controlled as 
follows: 



I hi* (§f ) G(t - * Mdx)dt = (v e(0) + # + (L10) 

where the actual constants in the bound depend on T , X, a, -y, p, k, t, C\ and 
C2, but not of M and N ; 

(b) The difference between the microscopic free energy and the free energy as- 
sociated with the macroscopic profile rj is bounded as follows: 



i / $(/(*, x))fx(dx) - H(rj(t)) 



dt 



+ 



(M 



x max 



log 



T(Y, 



\ y \2/(M-l) 



AN 



log 



r(y, 



■ | y ) 2 /(A/-l) 



(1.11 



Remark (On the assumptions). Assumption (viii) is always true, since we 
assumed A to be a positive symmetric operator on X, but I write it down 
this way because, in the next Corollary, I will require this lower bound to be 
uniform in N, and setting it this way makes this requirement clearer. When the 
Hessian of H is bounded above (which will be the case in the next section for 
the application to Kawasaki dynamics), both assumptions (z) and (ix) will be 
satisfied. As for T(Y, | • \y), it will have a nice behavior when | • \y is comparable 
to the L 2 norm, as we shall see in the proof of Theorem 11.141 

With this theorem, we can obtain quantitative controls in the hydrodynamic 
limit: 

Corollary 1.6. Consider a sequence of data {Xi, Ye, N^, A#, f 0> g, t]q^} 
satisfying the previous assumptions, with uniform constants a, A, (3, Ci, C2, r 
and A. Assume moreover that 

Ne^oo) M £ ^oo- ^^0; (1.12) 
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— log 



,1/(M-1) 







;i.i3) 



and that the sequence of initial data satisfies 

Qt(0) ->• 0. 



T/ien we have, for allT > 0, 
fa'; 



T 



iV 

1 

iV 



ft(t,x) 
Gi(t,x) 



Ge(t, x)fj,i(dx)dt 



$(f t (t,x))ni{dx)-H e (rii(t)) 



dt 



0. 



Let us summarize these results in the language of statistical physics : 
-The microscopic variables are approximately distributed according to a local 
Gibbs state, in the sense of relative Kullback information, in a time-integrated 
sense on [0, T]. 

-The microscopic free energy converges to the hydrodynamic free energy, in 
L\[0,T]). 

In the next section, in the case of a concrete example, we will reinforce this into 
a convergence uniformly in time as long as we stay away from zero. 

Remark. Using the Otto-Villani theorem (see Theorem 13.21) . it is possible to 
show that (a') implies 



\x - NP t r](t)\ 2 f(t,x)ii(dx) dt 



0. 



x 



Since the L 2 norm is strictly stronger than the A^ 1 norm, this shows that our 
convergence in entropy result is strictly stronger than the convergence (11. 8p . as 
long as we integrate in time. We will later see that this convergence also holds 
pointwise, for strictly positive times, even if it only holds in the weaker A' 1 
sense at time zero. 

One of the main tools we shall use is the following interpolation inequality, due 
to Otto and Villani ([OV], Theorem 5): 

Theorem 1.7. Let jj(dx) = e~ H ^dx be a probability measure on W 1 with a 
finite moment of order 2 such that H e C G (IR n ) and HessiJ > XI n , A 6 1. 
Then for any probability measure v on W 1 that is absolutely continuous with 
respect to \i, we have 



Ent^v) < W 2 {^v)\ll ll {u) - ^V 2 (/i,z/ 



In particular, if H is convex, then 

Ent^z/) < W 2 {fi,u) 



;i.i4) 
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We refer to the original article [OV] for a proof of this theorem. This will 
allow us to transform a convergence in Wasserstein distance and a bound on 
the Fisher information into a convergence of the relative entropy. However, if 
we apply this result immediately in the microscopic scale, if we use the usual 
Euclidean structure, the Wasserstein distance between ffi and the local Gibbs 
state does not go to zero. And if we use the penalized Euclidean structure 
(A^ 1 -, •), the lower bound on the Hessian will grow too fast, and the additional 
term (inf Hess if)H / j 4-i 2 (//i, Gfi) will go to infinity. So, in order to get rid of 
the additional term, we will go to macroscopic scale, where the Hessian of H is 
convex, and use inequality (11.141) . 



1.3 Kawasaki dynamics 

We shall now present the application of the two previous theorems to Kawasaki 
dynamics. We consider a one dimensional iV-periodic lattice system with con- 
tinuous spin variables. The law of each variable is given by a Ginzburg-Landau 
potential ip : R — > R, which we shall assume to be of the form 

i/>{x) = ^x 2 + 5ip{x), ||^|| C 2 (R) < oo. (1.15) 

We shall also force the mean spin to take a given value m G R. That is, the 
random vector ) will take its values in the (N — l)-dimensional 

hyperplane with mean m G R : 

X N>m := |(xi,..,Xat) G R^; j^^2^i = m | 

equipped with the £ 2 inner product, 

(x,x) X N<m := ^ ] XjXj. 

We shall consider the canonical ensemble fiN,m, which is the distribution of the 
random variables x\,..,xn conditioned on the event that their mean value is 
given by m G R. Its density with respect to the Lebesg ue measure on m is 
given by 



1 ( N \ 

HN,m(dx) = — l Ex . i=m exp I - ^ i>( x i) ) ■ I 1 - 16 ) 



The logarithmic density H is evidently given by H(x) =^2 VK 2 ^) + logZ. 

i=l 

We shall now introduce the macroscopic state necessary to apply the abstract 
results of the previous section. We first divide the N spins into M blocks. To 
fix ideas, we shall assume that all these blocks have the same size K, such that 
N = KM. This assumption is not necessary (all that will be needed is that the 
sizes of all the blocks are of same order) but it will make things a lot clearer. 
See [GOVW Remark 30] for a full explanation about this. We will now define 
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the macroscopic variables as the mean of each block. Therefore they form a set 
of M real numbers that still have mean m. The associated macroscopic space 
is thus 

Y M , m '■= j(yi,»,!/jitf) e M M ; ^X^ i = m } 

which we endow with the L 2 inner product 

(y,y)y : =j^J2yjyj- 

Then the projection operator Pn,k '■ ^N,m — > Ym,™ that associates to a given 
microscopic profile its macroscopic profile is given by 



1 

Pn,k{x\, -;X N ) = (y u ..,y M ); y i = l? zJ Xi 



i=(j-l)K+l 

and it is easy to check that PNP 1 = idy. We can explicitly compute the 
coarse-grained Hamiltonian H: 

1 M 1 

3=1 



where 



f exp(- V ] (1.17) 

A \Jx K , m i=1 J 

and Z is the normalization constant. The gradient and Hessian of H are then 
given by 

(V Y H(y)) Y = ^' K ( yi ); (Hess y H)^ = ^{y^. (1.18) 

As a consequence of the principle of equivalence of ensembles (quantified through 
a local version of the Cramer theorem), the first part of the following proposition 
explains the behavior of ipx when K is large. It was proven in the Appendix of 
[GOVW]. We also include a generalization of this result where we perturb the 
Hamiltonian with a linear term x \- > H(x) + (s, x) for some vector s, which will 
come in handy later on. It was proven in [M, Corollary 3.2]. 

Proposition 1.8. If ip satisfies U.15\) and ipx is defined by fll.lTp , then 

ip K — > cp in the uniform C 2 topology, 

A" too 

where (p is the Cramer transform ofip, defined by 

(f(m) = sup I am — log / exp(ax — ip(x))dx J . (1-19) 
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More generally, let s be an arbitrary vector in M. K and 5if> a function on R such 
that WdipWtf < oo. Let 



ip K (m) 

and 



log f J exp ^- ^ \ x 1 + fyfai) + s i x ^J dx 



1 K f 1 

(Pk{iti) = sup I am — — / exp((a — Si)x — -x 2 — 5ip{x))dx 



o-ei 
Then 



i=l 



\\if>K — <Pk\\c* ->■ 

7^— s>oo 



and i/iis convergence only depends on {{SipW^, not on the Sj. 

Using this proposition, the strict convexity of 99 and the expression of the Hes- 
sian f ll.lSp . the following lemma is easily deduced : 

Lemma 1.9 (Convexity of the coarse-grained Hamiltonian) . There exists K < 
00 and A > depending only on ip such that, for any K > K , 

(y, Hess H(y)y) Y > X{v,v)y- 

This lemma, among others, allowed to apply the abstract criterion for logarith- 
mic Sobolev inequalities to the present setting, and obtain 

Theorem 1.10. Let ip satisfy U.15\) and let fiN, m be defined by U.16]) . Then 
there exists p > such that for any N e N and m 6 M, PN,m satisfies LSI(p). 

This result was recently extended in [MO] to the case where if) is a bounded 
perturbation of a uniformly convex function (rather than strictly quadratic), 
using a technique of iterated coarse-graining. 

We shall now present the Kawasaki dynamics for such a system of spins. We 
(arbitrarily) set the mean m in the setting just explained to be 0, and we 
consider a dynamics of the form described by (11.41) . with the matrix A = (Aij) 
defined by 

= N 2 (-6 hj ^ + 2S itj - 6 hj+1 ) (1.20) 

We also identify the space Xjv,o with the space X of piecewise constant functions 
on T = R/Z : 



X = < x : T — )■!; xis constant on 



3 ~ 1 j 



N ' N 

by associating to the vector x G X N the function x e X such that 
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To obtain the final hydrodynamic limit, we must embed all of these spaces Xn 
in a common functional space. We consider the space of functions / : T — » K of 
locally integrable functions of mean zero, which we equip of the following norm: 

2 H -i = / w 2 {d)dO- w' = f, [ w(6)d0 = 0. (1.21) 
Jt Jt 

Then the closure of all the spaces Xn for this norm is the usual Sobolev space 
fT^T). We can now formulate the following theorem on the hydrodynamic 
limit of the Kawasaki dynamics. 

Theorem 1.11. Assume that ip satisfies h!.15\) . Let f^ = f^{t^x) be a time- 
dependent probability density on (Xn,o, H-n,o) solving 

^(fmo) = v • (AVfn Nt0 ) 

where /jv(0, •) = /o,jv(") satisfies 

f 0tN (x) logf 0iN (x)fM Ni0 (dx) < CN (1.22) 
for some constant C > 0. Assume that 

lim / \\x - (o\\ 2 H-ifo,N(x)fiNfi(dx) = (1.23) 

2V"["oc J 

for some Co G L 2 (T) which has mean zero. Then for any T > we have 

lim sup / \\x - C(t, ■)\\ 2 H -ifN(t,x)fi Nj0 (dx) = 0, (1.24) 

^too <t<Tj 

where ( is the unique weak solution of the nonlinear parabolic equation 

dC d 2 

i = ^'(0 (1-25) 

with initial condition £(0, ■) = Co( - )> where <p is defined as in hi. 19) . 

In this theorem, a weak solution of ( I1.25P is defined in the following way: 

Definition 1.12. We will call ( = ([t, 9) a weak solution of ITWti on [0, T]xT 

if 

C G L?(L 2 e ), ^ E L 2 (Hf), y/(C) G L 2 (L 2 e ), (1.26) 



and 



Z> J^) = - / MC)d0 M a// £ G L 2 ; /or a.e. t G [0,T] (1.27) 
\ °^ / H- 1 Jt 1 
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One of the main steps of the proof, which will also be used in this paper, is the 
convergence of fj to (: 

Proposition 1.13. Let 7?q e Y be a step function approximation of (o, T]q the 

vector of Y associated with it, and T]£ the solution of U.5\) with initial condition 
t]q. Then the step functions f]£ converge strongly in L^ (H e _1 ) to the unique weak 
solution of U.25\) with initial condition ( . 

We now state the result obtained when applying the previous abstract theorem 
to this setting. 

Theorem 1.14 (Convergence of the entropy for Kawasaki dynamics). Under 
the same assumptions as Theorem \l.ll[ the relative entropy with respect to the 
local Gibbs state goes to zeo, in a time-integrated sense : 

r I $ ( n% X \ ) G N (t,x)ii N (dx)dt, (1.28) 
Jo Jx N \G N (t,x)J 

where G^(t,-) is the local Gibbs state given by r/jv(t). As a consequence, we 
have convergence of the microscopic entropy to the hydrodynamic entropy, in a 
time-integrated sense : 



^ j <s>(f N {t,x))ti N (dx)-(J <p{({e,t))de-ip(J c{t,e)dB) 



dt -> 0. 

iV-»oc 



1.29) 



Moreover, in this setting, we will be able to get a pointwise convergence of 
the entropy, as long as we stay away from the origin. It will follow from the 
time-integrated convergence associated with a bound on the derivative of the 
relative entropy, which we will obtain through an adaptation of Yau's relative 
entropy method. 

Theorem 1.15 (Pointwise convergence of the relative entropy). Assume that 
J^'(C) and ^2<^'(C) exist and are uniformly continuous. Let < e < T. Then 

1 J ^f N (t,x))Mdx) ^ J^(C(6,t))d6 - ^((t, 

uniformly on [e, T\. 

Remark. This convergence will in general not hold true at initial time, since 
no relation is assumed between the initial microscopic entropy and the initial 
hydrodynamic entropy. However, if it does hold true initially, then it will hold 
true uniformly on [0, T] for any T > 0. (This is the main outcome of Yau's 
entropy method.) 

Since we do not necessarily assume our initial data to be smooth, ( is not in 
general smooth at t — 0. However, as long as (o lies in L 2 (T), ( will satisfy the 
smoothness assumptions of Theorem 11.151 
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Proposition 1.16. Assume ip is a C 3 function, with y?" > A > 0, H^'Hoo < 00 
and \ \(p( 3 > /ip" Woo < oo. Let ( the weak solution of 

^ = — '(n 

dt de 2ip ^> 



with initial data Co G L 2 (T). Then, for any e > 0, ( lies in C 1,2 ([e, T] xT), and 



4;(p'(() and -^^'(O are uniformly continuous. 



2 Proof of Theorem 11.5 



Let us first state some properties of the Local Gibbs state, which we shall use 
for the proof. 

Proposition 2.1 (Study of the local Gibbs state), (i) At the macroscopic scale 
the density GpL is given by 

G(y)fl(dy) = i exp (N(VH( V ) ■ y - H(y))) dy. 

(ii) At the macroscopic scale, we have the following bound of the Wasserstein 
distance between the local Gibbs state given by G(-)dfl and S v : 

\y - v\ 2 YG(y)fx(dy) < — . 

(Hi) The free energy associated with G v is close to the energy associated with r\, 
with the explicit bound 



1 

N 



log 



(M - 1) 

< max 

- 2N 



T(Y, 



\y )2/(Af-l) 



lot 



T(Y, 



l)2/(M-l) 



Remark. We can use the same techniques as in [GOVW] to pass from macro- 
scopic to microscopic scale, and deduce from (ii) a bound on the penalized 
Wasserstein distance 

jjW A -i{Gd^5 NP t v{t) ) = ±J (A-\x - NI*Ti),x- NI*-n) G(x)fi(dx). 

Part (iii) will be how we deduce the convergence of the entropy from the local 
Gibbs behavior. The proof of this proposition will hinge on the following lemma, 
which tells us that among all the probability measures on M M of the form 
exp(—f(x))dx, with Hess/ > Xld and where / reaches its minimum in 0, the 
one with the highest second moment is the centered Gaussian of covariance 
matrix A id. 
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Lemma 2.2. If f : IR M — > R is C 2 and uniformly convex, with Hess / > Xld, 
A > 0, and min / = /(0), i/ien 



M 

T 



~ f(x) dx. 



The following proof of this lemma was pointed out to us by S.R.S. Varadhan. 

Proof. Fix x G R M . The function g(t) = f(tx) — ~||ta;||| is convex, and reaches 
its minimum for t — 0. Therefore, we have <?'(1) > </(0) = 0. Since ^'(l) = 
(x, V/(x)) — A|a;| 2 , we obtain 

A / |x| 2 e- /(:c) c/a; < / (x, V f{x))e- f{x) dx 



and, by integration by parts, the term on the right-hand side is equal to 
M f e~^ x ^dx, which concludes the proof. 



□ 



This lemma will allow us to bound the Wasserstein distance in (if). 



Proof of Proposition \2.1[ The proof of (i) is trivial, since we have constructed 
our local Gibbs state such that G(x) actually only depends on Px. For all t, 
since y — > ipt(y) = H(y) — VH(r](t)) ■ y is uniformly convex, with its Hessian 
bound below by Xld, and reaches its minimum for y = i](t), applying lemma 
12.21 with / = Nipt, after translating by T](t), we obtain 



\y - v?Y G {y)K d y) 



< 



i 

I 

MZ 
XNZ 



y - 7]\ 2 Y e- NMy) dy 



(2.1) 



which yields (ii). 
For (in), we have 



1 




N 


I 




1 


< 






N 









hi 







+ 


hi 



Since A Id < Hess H < A Id, we have the bounds 

^\y- v\ 2 < VH(j}) -(y-v) + H(v) ~ H{y) 
A. 



(2.2) 
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for all £ Y . We now multiply by N and integrate. We obtain the upper 
bound 



N 



log Z-H(rf) + VH(r]) ■ r] 



^ log J eM-N(VH(ri) ■ y - H{y)))dy - H{r]) + VH{rj) ■ r] 
log / exj>(-N{VH(r)) ■ (y - rj) - {H(y)) - H( V )))dy 



N 
1 

N 



< log / exp( 



XN 



y - v\r)dy 



M-1 




exp(-|i/|^/2)(/// 

2/(M-V) ■ 



In the same way, we obtain a lower bound, so that when we take the absolute 
value we get the bound 



\ogZ- H{rj) + VH(r]) ■ r] 



M-1 

< max 

~ 2N 



log 



N 

r(y, 



V 



,2/(M-l) 



log 



r(y, 



y 



,2/(M-l) 



(2.3) 

Combined with (I2.2p . this means the final element we need is a bound on 
f VHijf) ■ (y — r])G r '(?/)/i((iy), and simply using the Cauchy-Schwartz inequality 
and (ii) gives us the desired result. 

□ 

We shall now use these properties of the local Gibbs State to prove Theorem 



Proof of Theorem \1.5l We shall divide this proof into three steps : first we shall 
reduce the problem to the study of the time-integrated relative entropy between 
the macroscopic state f(t,-)fi and the local Gibbs state G^fx, then we shall 
use the HWI interpolation inequality to show that this relative entropy goes to 
0. Finally, we shall reintroduce the microscopic terms to get the full bound (a). 
Then (b) shall follow, since we have already proved in Proposition 12.21 that the 
free energy associated with G v is asymptotically close to H(r](t)). 
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Step 1 : Let us consider 



Ent^f) - - / flog(G)fj,(dx) 



J Ent Kdx \ y) (f)n{dy) + ^Ent^f) - J flog{G)p{d. 

If 1 / 

— / Ent M ^.|j /) (/)^(d?/) + — Entep(^). 



(2.4) 



where the last equality is obtained because G(x) only depends on the macro- 
scopic state Px. Therefore, to reduce the problem to the study of the macro- 
scopic entropy, we just have to produce an appropriate bound on 
jf J Ent fl ^ ( ix\y)(f)p,(dy). Since p(dx\y) checks the condition LSI(p) by assump- 
tion (ii), we have 



1 

N 



Y 



Ent M ( <fa | v )(/)/i(dj/) 



. 1 f f \Vfluctf(x)\ 2 (A . ... . 



Np Jx 2f(x) 

-2NM*pJ f{x) M h [ ] 

where the last inequality is due to hypothesis (vi). By integrating by parts 
fll.4j) . as was done in [GOVW, Proposition 24], we deduce that 

f(T, x) log f(T, x)fi(dx) + [ ( [ 7—^-(t, x)pj(dx) ] dt 



f 

f(0,x)\ogf(0,x)p(dx). (2.6) 

Since, by assumption (vii), J $(/(0, x)) P (dx) < C\N and the (mathematical) 
entropy is non-negative, this tells us that 

j ^ J Eut l , {dxly) {f{t,-))p{dy)dt<^^, (2.7) 
which concludes this first step of the proof. 

Step 2 : We shall now study the macroscopic relative entropy. This is where 
we shall use he HWI inequality (Theorem II. 7p . applied at the macroscopic scale 
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with reference measure //. Indeed, since G[i is log-concave, we have for all T > 



£ W 2 (f(t, OA, .)A) 2 * \/^2 jf tOMpiffa 00* 



< 



(2.8) 



We already know that both //i and G/i are asymptotically close to 5^. By the 
triangle inequality for the Wasserstein distance, 

W 2 (/(*, OA, OA) 2 < 2 W 2 (/(*, OA, S v(t) ) 2 + 2 W 2 (<W G(t, OA) 2 (2.9) 
Theorem 11.31 states that 

W 2 {f{t,-)ji,6 rm ) 2 dt = J J \y-r)(t)\ 2 Y f(t,y)jl{dy)dt 

<^H(T,M,iV) (2.10) 
A 

where S was defined in Theorem 11.31 Moreover, part (ii) of Proposition 12.11 
tells us that 

r T r _ m 

J Q J \y-v(t)\ 2 Y G(t,y)p(dy)dt<T— (2.11) 

so we have a bound on the time- integral of the Wasserstein distance that, under 
suitable assumptions, will go to 0. 

We must now produce a bound on the macroscopic Fisher information. We 
have 

N 2 ^ \g)~ N 2 J f/G ^ 



1 [\{Vf)/G-fVGj&l Q2d _ 



N 2 J f 



2 nv/i 



2 



y2 j f dfi + 2\VH( v W (2.12) 

Now, since we have a lower bound r on the spectral values of A, 1/r is an upper 
bound on the spectral values of A' 1 . Since for any y G Y 

(A- 1 y,y) Y =(PA- 1 NP t y,y) Y 

= ^(A~ 1 NP t y,NP t y) x 



<4-( Npt y> Npt v)x 



Nt 
1 
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so 1/r is an upper bound on the spectral values of A 1 , and thus r is also a 
lower bound on the spectral values of A. Therefore 

T \VH( v (t))\ 2 dt< - f (AVH( V (t)),VH( V (t)))dt 
T Jo 

= -- f &t),VH( V (t)))dt 
r J dt 

T 

< 2 — . (2.13) 

T 

To obtain a bound on J Q T f dfidt, we shall use the following proposition, 
that was proved in [GOVW, Proposition 24]. 

Proposition 2.3. Assume that n as given by U.S\) is finite and that for all 
y EY , fx(dx\y) satisfies LSI(p). Then, for any positive, C 1 function on X one 
has, for any y &Y and s 6 (0, 1) 



N f(y) -l- s \ P yj f(x 

+ j J /w " {dx]y) (2 ' 14) 

2 

Applying this bound to the density / with s = k2 p +p 2 gives us the bound 



N 2 J J f ~ p 2 NJ J f(x 

< Ci(k2+ / 2) (2.15) 

where the final inequality was already proved in step 1. 

Combining (|23j) . (|2T3]) . fl2TTU|) . f[2TTTj) . f l2TT2|) . ( jXTgp and (IZT5]I gives us the 

bound 



2TM 4 



m/ 2 i^t+ 2 rp2 ■ ( 2 - 16 ) 
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This concludes Step 2. 

Step 3 : Recombining (12.71) and (I2.16P gives us the full bound 



T 



N 1 * 



f(t,x) 
G{t,x) 



G(t, x)fiisr{dx)dt 



'2TM 4 
- d — + J Z(T,M,N)x x !2 



To prove (b), we have 
f(t,x) 



N 2 r 



2M 2 p 



(2.17) 



1 

iV 



G(t,a;) 



-jy J f(t,x) log f(t,x)fi(dx) - y /(t,z) logG(i,x)//(dx) 
— / f(t, x) log /(*,z) fi(dx)- — / f(t,y) log G(t,y)p(dy) 



and thus 



< 



+ 



< 



iV 



f(t,x)logf(t,x)/i(dx) - H( V (t)) dt 

j-f J f(t,x) log f(t,x)n(dx) - y f(t, x) log G(t,x)n(dx) 

f{t,x)logG(t,x)fji{dx)-H{Ti(t)) 
f(t,x) 



dt 



1 

iV 



+ 



T 



G(t,x) 



G(t, x)pN(dx)dt 



- I f(t,y)\ogG(t,y)ji(dy)-H(7,(t)) 



dt 



f(t,x) 
G{t,x) 



G(t, x)iijq{dx)dt 



+ 



- / (f(t,y)-G(t,y))\ogG(t,y)fi(dy) 



dt 



+ 



£ 1 1 $(G(t,-))^-^(t)) 



(2.18) 



This leaves us with three quantities to bound. The first one is exactly the 
quantity that is bounded by (a). The third quantity can be bounded using part 
(iii) of Proposition 12.11 : 
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cT 



- / ®{G v Wn - H(v) 



T(M-l) 

< max 

2N 



log 



dt 



r(Y, 



■ \Y 



,2/(M-l) 



AN 



o 



T(M-l) 

< max 

2N 



log 



r(Y, 



\2/(M-l) 



AN 



+ 



TMC 2 + /3 



log 



T(Y, 



" \Y 



,2/(M-l) 



AN 



log 



r(y, 



,2/(M-l) 



AN 



(2.19) 



where the final inequality is due to (I2.13p . To conclude, we just have to bound 
the second quantity in the right-hand side of (12.181) . This will be possible 
because, as logG is slowly varying (it is an affine function), since f ii and G\x 
are close for the second Wasserstein distance, when integrating against logG 
they act the same way. 



1 

A 



< 



< 



(f(t,y)-G(t,y))logG(t,y)fl(dy) 



dt 



T 



T 



- I (f(t,y)-G(t,y))(NVH(r ] (t))-y)fl(dy) 



dt 



((y-rj(t)),VH( V (t)))f(t,y)fl(dy) 

•T 



dt 



+ 



((y- V (t)),VH(ri(t)))G(t,y)p,(dy) 



dt 



r y- V (t)\ Y f(t,y)fl(dy)dtJ F \VH( V (t))\ Y dt 



+ 



q T J \y - v(t)\ 2 Y G(t, y)fi(dy)dtJ £ \VH( V (t))\ Y dt 



^ 2(C 2 + f3)Z(T,M } N) (C 2 + f3)M 
' ' ' At V N\r 

which was the last element needed to get the full bound (b). 



(2.20) 



□ 
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3 Application to Kawasaki Dynamics 
3.1 Proof of Theorem EH 

We shall now prove Theorem 11.141 as a consequence of Corollary 11.61 We 
consider, in the same way as in [GOVW], a sequence of step functions f/ ,^ £ Ye 
such that 

\\Vo,e - CoIIl 2 — > 0) 

canonically associate to each of them a vector tjqj G Yi and consider the solution 

T)i Of 

We also assume f)1.12p . that is 

N e ^oo; M £ ^oo; ^ ^ 0; (3.1) 

which, in this setting, will imply (I1.13p . 

The following proposition was proven in [GOVW]: 

Proposition 3.1. With the above notations, the step functions fji converge 
strongly in L°°(H _1 ) to the unique weak solution of 

1 = 5^(0, C(o,.) = Cc 

We first have to check that the assumptions of Theorem 1 1 . 5 1 hold with uniform 
constants. It has already been checked in [GOVW] that this is the case for 
assumptions (i) to (vii), so we just have to check assumptions (viii) and (ix). 

• It is easy to compute the spectral values of A, since it is a circulant matrix. 
We have 

Sp(A) = |2V 2 (l - cos(^)) , k = 0, .., JV - 1 J 

as an operator on M , and the spectral value corresponds to the action of 
A on 1R(1, .., 1), which we don't take into account, since we only consider the 
action of A on the hyperplane of mean 0. The lowest spectral value of A is then 

inf Sp(A) = 2N 2 (l - cos A) —> 4vr 2 > 0. 

Since the sequence of lowest spectral values converges to a strictly positive limit, 
we have a strictly positive lower bound on the whole sequence, which proves 
assumption (viii) with a uniform constant r. 

• Since, by Proposition II. 15[ tp'^ converges uniformly to ip" and (KessH(y))ij = 
ip'x(yi)o~ij, to prove assumption (ix) with a uniform constant, we just have to 
prove that tp" is bounded above. This was actually already proved in ([GOVW], 
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Lemma 41), where is proved both a lower and an upper bound on the second 
derivative of f*(cr) = log J exp(<rx — ip(x))dx. It is a property of the Legendre 
transform that, if / is a strictly convex function, its Legendre transform /* 
satisfies (/*)* = / and (/*)' = (f)' 1 , so the strictly positive upper and lower 
bounds on the second derivative of <p* translate into strictly positive upper and 
lower bounds on ip". 

We will also check that, in this case, (I1.12p implies ( I1.13p . This is easy to check: 
since we have \y\y = ^^i/, 2 , we can explicitly compute 



T(X, I ■ \y) = VM/27T 



(M-l) 



(3.2) 



and ( I1.13P follows. 

We can therefore apply Corollary 1 1.61 (I1.28P is then a direct application of (a'), 
so we will concentrate on the proof of (ll.29p . Part (b') of Corollary 11.61 states 
that m 



N 

so we now just have to prove that 

fT 



dt 



0. 



o 



H e ( Ve (t))- I <p(t(e,t))d0 + <p[ / ((t,9)d9 

T \./ • 



What we shall actually prove is 



sup 

0<t<T 



H t ( m (t))- I <p(((9,t))d9 + <p[ / C(t, 

T \JT 



dt — > 0. 



0. 



(3.3) 



(3.4) 



which is stronger than what we need right now, but will come in handy in the 
next section. We have the expression 



N 

My)d9 + -jy log z 



(3.5) 



As a consequence of Proposition 13. 1\ we shall prove that ^ T ipK{'U)d9 converges 
to J T (p(((9,t))d9 uniformly in time, and then we shall prove that logZ con- 
verges to — (p(Jj C{t, 9)d9, also uniformly in time, which will yield f l3.4p . By the 
triangle inequality 



Mv{o,t))M- / <p«(e,t))de 



But 



< / \1>K(m(t,9))-<p(fi i (t,9))\dB+ / \<p(ut(t,e))-<p(C(t,0))\d9. (3.6) 



\^ K (ff e (t,e)) - <p(ff e (t,e))\M < \\il> K -<p\ 



K—too 
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and by convexity, and since ip" < A, 

&)) m, 9) - C(t, 6)) < <p(jk(t, 9)) - ^(C(t, 9)) 



A, ^2 



< tpXC(t, 9))(ffe(t, 9) - t(t, 9)) + - \fj t (t, 9) - C(t, 9) 

(3.7) 

We know that fj converges to C in L°°(L 2 ). Since 



/ 

J 7 



V?'(C(*> 9)){fje.(t, 9) — C(t, 9))\d9 < w / |^(C(t,0))| 2 d0W / |%M)-CM)| 2 ^ 



and /(C) ^ L°°(L 2 ) we deduce that f r \ip(i] e (t,9)) - ip(((t,9))\d9 converges to 
uniformly in time, and thus 



T 

' Mve(9,t))d6 - I <p(ae,t))d6 







dt — > 0. 



To conclude the proof of (13.41) . we now just have to prove that 

llogZ— [ at,9)de] (3.* 



T 



uniformly in time. First of all, recall that at any time t we have J T C(t, 
Also recall that 

M 



m. 



Z = J exp ( -— ^ ^*r(j/i) j <£r. 



i=l 
M 

Since y ^ jj Yl i'Kiyi) is strictly convex, it has a unique minimum on Y, 

and since the variables are exchangeable this minimum can only be reached for 
yi = ... = i/m, and by definition of Y this can only be the case if all the jji are 

M 

equal to m. Since A < ^" K < A and \\y\\Y = jj Yl \Vi\ 2 i by convexity, for all 

i=i 

y G Y we have 

A 1 M A 

+ ^Ib-HIl < Jf^Mvi) < fpKim) + —\\y - m\\l 

8=1 

where 1 1 • 1 1 2 is the usual Euclidean norm, and we identify the mean m and the 
vector of Y where all coordinates are equal to m. We take the exponential of 
this inequality multiplied by — N and integrate, which gives us, since for any 
y G Y, y — m is of mean 0, 

-mfipK + ^7 log / exp ( -7777 1 MI2 J dy < 77 log Z 



N Lm-i 1 V 2iW J » - n 
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< - inf *k + ± log i ex P (-^\\y\\l) )dy. 

Since 

1 f ( AN ll2 \ , M-l /AAA 

N bg Am-, 6XP {- 2M 1 M |2 J dy = "W lo S ) -+ ° 

and the same goes for log J exp(— we deduce that |-^logZ + 
inf ?/>x| goes to uniformly in time. Finally, since ipx converges uniformly to 
tp, ^(m) converges to <p{m), which implies the desired result. 



3.2 Proof of Theorem [TT5l 



The proof of this result is based on the relative entropy method that was devised 
by H. T. Yau in [Y]. This method consists in proving a Gronwall type inequality 
for the relative entropy with respect to a time-dependent Gibbs state given by 
g(t,x) = ^2\i(t)xi. An important requirement is that the coefficients of the 
Gibbs state are of the form A» = \(t,i/N), with A a smooth function. This 
means that we will not be able to directly use the same local Gibbs state as 
in the previous theorem. However, we will be able to show that the relative 
entropy with respect to G in the previous section is close, uniformly in time, to 
the relative entropy with respect to the Gibbs state given by 

1 



<f> N (t,x) 



— exp ^2xi<p'((;(t,—)) 



(3.9) 



We will separate this proof in four steps : first we will show that it is enough to 
prove the uniform convergence for t G [e, T] of the relative entropy with respect 
to (13. 9p to 0, then we will establish an upper bound on the derivative of the 
relative entropy, before proving that this upper bound tends to and integrate. 

Step 1 : Recall that in the previous proof (cf. (13 .4p ). we have shown that 
H t (Vi(t)) - jf <f(((6, t))d0 + if U ((t, 6)d6\ — ► 

uniformly in time. By the triangle inequality, this implies that, in order to 
prove the uniform convergence of the microscopic entropy to the hydrodynamic 
entropy, we just have to show 

1 r f(t,x)\ogf(t,x)fi(dx)-H( V (t)) 



sup 

*6[e,T] 



N 



0. 



We have 



- / f(t,x)\ogf(t,x)fi(dx)-H( V (t)) 



1 

A7 



+ 



N 



$(G{t,-))dfi N -H{r}{t)). 



(f(t,y)-G(t,y))logG(t,y)fl(dy) 

(3.10) 
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Combining part (iii) of Proposition 12. II and ( 13. 2p . we have 



- / m v WN - h( V ) 



< 



M 



2N 



max 



log 



/2Mtt\ 



log 



/2Mtt\ 



+ 



M 
AiV 



VH(rj)\. 



We will now prove that \WH(rj(t))\ is bounded, which will imply that 



sup 

0<t<T 



0. 



Since 



d_ 

dt 



H( V (t)) = -(AVH(v(t)),VH( V (t))) < 0, 



H(r)(t)) decreases in time, and so assumption (vii) implies that for all £ and t, 

Since (VH{y))% = ipxilJi) an d Halloo < A, to prove that \VH(r)(t))\y is 
bounded we just have to prove that |^(t)|y is bounded independently of £ and 
t. But by strict convexity of H we know that H(rj(t)) > C(l + (r)(t), ?7(t))y), 
which allows us to deduce from the bound on Hi(r]i(t)) an upper bound on 
\r]i{t)\ Y that doesn't depend on £ or t. This gives 



sup 

t6[e,T] 



- / *{cr>)dn N - H( V ) 



-)■ 0. 



Moreover, 



1 

N 



(f(t,y)-G{t,y))logG{t,y)jl{dy) 

{f(t,y) - G(t,y))(NVH{r)(t)) ■ y)fi{dy) 



1 

N 

< \VH(rj(t))\y 



y(f(t,y)-G(t,y))p(dy) 



< \VH{r 1 (t))\yW 1 (f(t,-)fl,G{t,-)fl), 



(3.11) 



where the last inequality is due to the Kantorovitch-Rubinstein duality formula 



sup 

lfll|Lip<l 



g{d\i — dv). 



By Holder's inequality, Wi(f(t, G(t, •)//) < W 2 {f(t, -)fl, G(t, -)pt). Since we 
have already proved that \VH(r)(t))\ Y is bounded, it is now enough to prove that 
the Wasserstein distance between f(t, -)/2 and G(t, -)p, converges to uniformly 
on [e,T]. We shall use the following theorem to reduce this to the convergence 
of the relative entropy : 
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Theorem 3.2 (Otto-Villani). Let fi(dx) = exp(H(x))dx be a probability mea- 
sure on W" - with finite second moment that satisfies LSI(p). Then fi satisfies 
the Talagrand inequality T 2 (p), that is, for all probability measures v on M. n , we 
have 



'2Ent» 
P 



This theorem was first discovered in [OV] . An alternative proof, based on large 
deviations arguments, can be found in [Go]. 

By applying this theorem and (13. lip , since G(t, -)p, satisfies LSI(AiV), we obtain 



1 

N 



(f(t,y)-G(t,y))logG(t,y)fl(dy) 



< C\ 



EntG (tt . )p (f(t, •)//) 
N 



(3.12) 



Since the macroscopic entropy is smaller than the microscopic entropy (cf. 
(I2.4p ). if we prove that the relative entropy converges to uniformly on [e, T], 
which will be the aim of the rest of the proof, then the quantity on the left-hand 
side of ( 13. 12ft also uniformly converges uniformly to 0, and by ( I3.10P this would 
achieve the proof. So all that is left to prove is 

f{t,x) 



sup — / $ 



te[e,T 



N 



G(t,x) 



G(t, x)fj,N(dx) 0. 



(3.13) 



We will now show that, rather than study the entropy relative to Gfi, we can 
study the entropy relative to the Gibbs state (p^ defined by (13. 9p . by proving 
that the two relative entropy are asymptotically close, uniformly for t in [e, T], 
ie 



sup 

0<t<T 



1 

N 



MM) 

G N (t,x) 



G N (t, x)jjL N (dx) — 



N 



MM) 
4> N (t,x) 



(f) N (t,x)/j lN (dx) 
(3.14) 



0. 



This is pretty natural, since this new local Gibbs state is constructed from the 
limit of the vector that defines the local Gibbs state we have used until now. 
Indeed, 




Gd[i — 



N 



/ 



(f>dfi 



(log G - log <f))fdfj, 



M iK N 
i=l j={i-l)K+l i=l 



iV 



exp(x • NP'VH^^dx) ) - - log ( / exp ( £ x^'(C(^)) ) n(d. 



,i=i 



i 

N' 
(3.15) 



We can use the assumptions on the regularity of <p'(C) an< i the bound 

\x\ 2 f(t,x)p(dx) < CN, 
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which is obtained by assumptions (iv), (vii) and Proposition 24 of [GOVW], to 
deduce that 



sup 

0<t<T 



J=l / " \j=l 

— >0. (3.16) 
Similarly, since \\ip' K — (p'\\oo ~ * 0, we can show that 

K^roo 

jf f ( E E ^fa) )^ = ^ / IE J^fa) ) /(i/)Mdy) 

J \i=lj=(t-l)A-+l / J \t=l / 

~ ^ J ( E sw'fa) ) KvWv) 



j=i 

also with an error term that goes to uniformly in time. We must now bound 

if / (E w^ 1 *)) W*) - i / (E i/^(C(^))1 /(y)Mdy) 



< J/ |y|^/(y)/i(dy) 



M 

mE^)-<))) 2 

i=l 



and, since J |y|y/(y)A*(^y) and <//' are bounded and •) — C(*> Ollff- 1 con ~ 
verges to uniformly in time, it is easy to show that the term on the right-hand 
side of this equation goes to uniformly in time. This shows that 



sup 

0<t<T 



M iK N 



jf J E E E *^(c(^)) fdiM 



i=l j=(i-l)K+l 



->■ 0. 



We are now left with bounding the difference between the logarithm of the 
integration constants, to prove that 



-log (^J exp(:r • NP'VH^^dx)^ - 1 log (j exp ^ ^'(C^)) j 

(3.17) 

uniformly in time. We have 

^ log (^J exp(x ■ NP'VH^^dx^j = 1 log U exp Ky^'M J jZ(dj/) 



->■ 
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We can use the same convexity arguments that were used to prove (13.81) and 
the fact that | \fj(t, •) — ((t, •) | |#-i converges to uniformly in time to show that 



^ log ^ exp Ky^KiVi)] H(dy)^j - j 



N 

uniformly in time. So all that is left to do is prove that 





(3.18) 

o 



1 log (j exp [f^ W(C(^)) j Kdx^j - jf (Wm) ~ <P(C(0))M 

(3.19) 

uniformly in time. Since, unlike for the previous integration constant, the new 
Gibbs measure doesn't vary only at macroscopic level, we cannot directly use 
the convexification of H at macroscopic level to obtain the limit. But the Local 
Cramer theorem used to derive the convexification of H is actually still valid 
even if we perturbate the Hamiltonian with a linear term. This is quantified 
by the second part of Proposition 11.81 By applying it with Sj = —(p'(((t,i/N)) 
and m = f T ((t, 9)d6 = 0, we obtain 

^ log ^ exp x i<P'(((t, jf))J M^a 

« -sup ( -— V / exp((o- -if'(C(t,i/N)))x-ip(x))dx 
with a difference that goes to zero uniformly in time. Since 

_SU P f _ 45^ / ex P(( a + f'(C(t,i/N)))x- ip(x))dx 

By using a second-order Taylor expansion on <p* and the bound ^ < (ip*)" < C, 
we obtain 

1 * /l * 1 \ 

t^E ?V(C(M/JV))) + inf -E (^)V(C(t,^))k + ^ 2 
i=i ae V i=i / 

^i(^E^> + ^(M/iV)))) 

i * /i J! r \ 

<p*(<f/(C(t,i/N))) + M (^W(C(M/iV)))<7 + -<7 2 . 

(3.20) 
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It is a standard property of the Legendre transform that for any m we have 

((p*)' '(<£>' '(m)) = mip'(m) — <p(m). 
It is then easy to show that 

N N 

vV(C(*,V^)) = ^E C(M/JV)^(C(M/JV))-^(C(M/JV)) 

i=l i=l 

/ c(f , 0MC(*, 0)) - ^(C(t, e))de (3.21; 

uniformly in time, so if we prove that for any a > 0, 

->0, (3.22) 

then combining (I3.20p and (13.211) gives us (|3.19|) . and consequently (I3.14p . But 



sup 

o<t<r 



M f^S (^*) V(C(M/A9)V 



M (ifj fe>*)V(C(M/iV)))<r + a<T 2 j 

= (3.23) 

because the expression is just a second-degree polynomial in a, and because 
it is a standard property of the Legendre transform that (</?*)' = The 
assumptions on the regularity of <p'(() imply the uniform continuity of (, so we 
then immediately obtain (I3.22p . This finishes proving (I3.14p . so all that is left 
is proving that 

sup — Ent,p Ni t t . w (f(t, -)dfi) -> 0. 



E<t<T 



Step 2 : Our aim in this second step is to compute an upper bound on the 
time- derivative of Ent^^.w^Qf^t, -)dii). Our method will follow the beginning 
of the relative entropy method devised by Yau in [Y]. 
The following lemma was proven in [Y]. 

d f f 

Lemma 3.3. — Ent^ N ^. )dfl (f(t, -)dfi) < / — ((V • AV(j) N ) - d t (j) N )dfi N 
at J <p N 

Proof. Let us denote by B t the adjoint of the operator g — > V • AVg in 
L 2 ((j)]y(t, -)dfj,N), i-e. the operator such that for all g, h in L 2 {4>^{t, -)dfJ,N) we 
have 

h(B t g)ilj N d/j N = I (V ■ AVh)gct) N djJi N . 
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We can then check that g(t,x) := f(t,x)/<f>N(t,x) is a solution of 



dg_ 
dt 



B t g- g 



dt 



log0 



N 



and deduce 



Ent^ (t ,)^(/(t, -)dn) = J (B t g)(]Qgg)il>dfi - J (dtfygd/i 

= J #(V • AV(\ogg))dn - J {d t cf))gdii 



-I 



Vg ■ A Wg 

g 



ipdfj, 



((V • AV4>) - d t cf))dii 
(3.24) 



and since the first term on the right-hand side in the last equation is non- 
positive, we get the desired inequality. □ 

We then compute <p~ l (V ■ AV — d t )<f). Since (f>(t,x) := -j^ exp (J2 x i ( P > (C(t^ 



we have 



N 



i=i 



(3.25) 



and since f d t (pdfi = 0, we deduce 



JV 



Ci(t)= I [J2 (^'((m,^) <j>(t,x)v(dx). 



(3.26) 



In the same way, by using the exact expression of A and by noting that 
/ V • AV(f)(t, x)d[i = 0, we show that 



-\V -AW(f))(t,x) 



N 



^ 2 £ ^<*> 



i=i 



dxi 



<p'm ^)) + v'm ^)) - 2<p'm ^)) 



-c 2 (t) 



where 
C 2 (t) -- 



N 



Ar2 <9# 

iv 2^ — (x) 



i=i 



0(t, x)/i(dx). 
(3.27) 



By integrating by parts, we show that 

dH 



dx. 



(x)(j)(t, x)fi(dx) 



d(f) 
dxi 



(t, x)/i(dx) 
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We therefore have 

N 

N 



C 2 (t) = iV 2 ]>>'(((*, ^)) 



</m ^)) + ^'(C(t, ^)) - 2v/(c(*, ^)) 



(3.28) 

The conclusion of this step is the upper bound 

jjj t Ent <PN(t,-w(f(^-W) 



N 



</m + ^'(c(t, ^)) - 2^(c(t, ^)) 



f(t,x)n(dx) 



jf C *<t)-Jf J \^(d tV \C))(t,^)xA f(t,xUdx) + ^(t) (3.29) 



Step 3 : Starting from now, we depart from Yau's relative entropy method. 
Following it would also lead to the same conclusions, but since, unlike in [Y], 
we already have strong results on the convergence to the hydrodynamic limit 
(while in [Y] the convergence to the hydrodynamic limit is deduced from the 
convergence to of the relative entropy), we will be able to finish the proof in 
a simpler manner. 

We will now prove that the time-integral between e and T of the previous upper 
bound goes to 0. First, we shall compute the limits of -^Ci(i) and -^C^i). 
Due to the uniform continuity of (dt<p'(()) (which is itself uniform in time), we 
have 



^Ci(*) = / (E (%>'(C))(*,^j <Kt,x)r(dx) 

w if / (E W(0)(t^)y^j 4>(t,y)Hdy) (3.30) 

Since for all t we had W 2 (G(t, •)//, 5ri(t)) 2 < x^f, and ||^(t, •) — - ) 1 1 jj- 1 g° es to 
uniformly in time, it is easy to show that 

if/(E (%AC))(*,^)%) G(t,y)jl(dy) -> ^(d t <p'(())(t,e)((t,6)de 

uniformly in time. To obtain the same conclusion for 0/2, we just have to show 
that W^(0(i, O/^? ^K*)) S oes to uniformly in time, and by the triangle inequality 
it would be enough to prove that W 2 (4>(t, -)ft, G(t, -)p) goes to 0. Since G(t, -)Jjl 
satisfies LSI(AiV), by the Otto-Villani theorem, we can simply prove that the 
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macroscopic relative entropy J <f>(t,y) log ) l^(dy) goes to uniformly 

in time. The identity 



Ent„(gf) = J Ent^ dx \ y )(g)u(dy) + EnU(g) 

shows that the macroscopic relative entropy is smaller than the microscopic 
relative entropy So our aim will now be to show that 

Since we have already shown in the first step that the normalization constants 
are close uniformly in time (cf. (I3.17P ). we just have to study 




1 /' / N i M iK 

Y x i<P'(C(t,jj))- Y Y x j ijj' K {r] i )\(j){t,x)ii{dx). 

i=l ' i=l j=(i-l)K+l 



The uniform continuity of (p'((), the uniform convergence of ip' K to ip' and the 
fact that J \x\ 2 (p(t,x)fi(dx) = O(N) uniformly in t (which can be easily proved 
for example by using Lemma 26 of [GOVW]) allows us to go to macroscopic 
scale and replace ip' K by ip', and just study 

Ji j \Y ^'(C(*> jj)) - vjf'ivj) J 4>(t,y)P(dx). 

Since we have an upper bound on if", we have 

M 



c 



X , 



< 



y\Y\jYs^i)-^)mdy). 



M 



The uniform in time convergence of fj to £ in L 2 and the uniform continuity 
of ((t, •) allow us to conclude that the term on the right-hand side of this last 
equation goes to 0. So the relative entropy goes to 0, and it follows that 



sup 

0<t<T 



^C x {t)- j^d t ip\Q){t,6)C{t, 



-> 0. 



(3.31) 



As for C2(t), the uniform continuity of dgip'(Q allow us to immediately find 
that 

sup i(7 2 (t)- / v?'(CM)HV(C)(t, 

0<t<T iV Jt 



0. 



(3.32) 
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We will now study the convergence of the integrals with respect to fd/j, of the 
non-constant terms of (13.291) . By theorem 11.111 we have 

jj J fe (V(C))(t,^)*<) f(t,xMdx)^ ^(d t¥ >'(0)(t,e)((t,e)de 

(3.33) 

uniformly in time, which also is the limit of -^Ci(t), by (13. 31 p . We therefore 
have 



->■ 0. 



(3.34) 



We are left with proving that 

N 



v— \ dH , , 



i=l 



i + 1 



i - 1, 



iV 



iV 



f(t,x)ii(dx) 



--C 2 (t) 0. 

It was actually already proved in [GPV], as a step in the proof of the hydro- 
dynamic limit, that the time integral (on bounded intervals) of this quantity 
goes to 0, which is enough for our purpose. There it was deduced from bounds 
on the entropy. But since we have already proved the convergence to the hy- 
drodynamic limit, we will be able to prove it here in a more simple way. Our 
conclusion will be that, uniformly for all t\,t2 € [0,T], we have 



N 



ArY ^ dH. . 



i=i 



f(t, x)fi(dx) 



-C 2 (t)dt -> 0. 



(3.35) 



Indeed, since ( is a solution of (jl.25p . we have, for all bounded smooth functions 
J : [0,T] x T R, 



j(h,e)({h,e)d6- / J(t 1 ,e)c{t 1 ,9)d9 



1-2 



ti J J 



d$J(t,6)(p'(t(t,6))d9dt. 

(3.36) 



35 



In the same way, since / is a solution of (11.41) . we have, for g(t, x) = J(t, j^)x l , 



g(t 2 ,x)f(t 2 ,x)n(dx)- / g(t 1 ,x)f(t 1 ,x)n(dx) 
a Jx 

/ Vg{t, x) ■ AVf(t, x)fi(dx)dt 
h Jx 
ti r 

\ (V ■ AVg(t, x))f(t, x)n(dx)dt 
ti Jx 

I (AVg(t, x) ■ VH(x))f(t, x)fx(dx)dt 
ti Jx 

-t 2 



=r j x N s ( ^ + V } - 2 ^ )} if (x)/(t ' 

(3.37) 

Since we have a uniform in time convergence to the hydro dynamic limit, 

g(t,x)f(t,x)/i(dx) ->■ / J(t,9)((t,0)d6 

Jt 

uniformly for t G [0, T], so combining (13.361) and (I3.37P gives us 

r f 2 f 7-1-1 7 — 1 i f)H 

/ / tf£(j( f + ) + j(t,_)-2J(f,-))_ (x)f(t,xMdx)dt 

-> / 2 / d 2 e J{t,6)^'{({t,6))d6dt 
Jti Jt 

uniformly for t 1; i 2 G [0,T]. Considering (13. 32 p . by taking J = <^'(C) i n the 



previous equation, we obtain (13. 35 p . 

So if we integrate (I3.29j) between times t\ <t 2 , by (13.341) and (I3.35P we have 
limsup ^Ent 0Jv(t2i .)^(/(t 2 , -)dy) - Ent^ (tl) . )dM (/(ti, -)^)J < (3.38) 

and the convergence to of this quantity is uniform for all t 2 <T . 

Step 4 : We will in this final step show that j~ Ent^(t i .)d A t(/(t, -)<i/i) goes to 
uniformly in [e, T\. For convenience, we use the notation 

H N {t) := Ent 0Jv(ti . )d/ ,(/(t, -)rf/i)- 
Let us consider a subsequence of data such that 

liminf ^-H N (e) > limsup ^-H N (e) - 5 

for some 5 > 0, where liminf is over our subsequence, and limsup over the full 
sequence. By (I3.38p . for all t G [0, e] we have 

liminf —H^it) > limsup — Hn(e) — 5 
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so that, by Fatou's lemma, 

H 1 
liminf / —H^(t)dt > e(limsup — i?jv(e) — S). 

J 

But since, by theorem 11.141 jjf j^H N (t)dt goes to 0, by letting 5 go to we 
obtain ^ 

limsup — fl'jv(e) < 

so we do have the convergence to of their relative entropy (since it is non- 
negative) for all positive times. To show that the convergence is uniform on 
[e, T], we just have to re-use f)3.38p . which tells us that -kHpfit) — -^Hn(^) goes 
to uniformly fast for t G [e, T]. This concludes the proof. 

3.3 Proof of Proposition 11.161 

To prove the regularity of the solution of the hydrodynamic equation, we shall 
use the following interpolation inequality, which is a particular case of a family 
of inequalities that can be found in the second chapter of [LSU]. 

Lemma 3.4. For any u G H l (Y) with J T ud9 = we have 

II II ^ ol/4|| ||3/4|i h\l/4 

Proof. Let us take such a function u. We have 

\u(9)\ 4 = \u(6)\ 2 \u(9)\ 2 < \u(6)\ 2 (J 2\u{s)\ \u\s)\ds 
Using Holder's inequality, we have 

\u(s)\ \u'(s)\ds < | \u\ | x, 2 1 \u'\ |x2 , 



i 



so that 

\u{6)\ 4 d6 < 2\\u\\l 2 \\u'\\ L 2 



T 



and the result immediately follows. □ 

To prove the regularity of our function, we shall prove bounds on the L? norms 
of the derivatives of (p'(C)i using differential inequalities, and then Sobolev in- 
jections. We first have 
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86 7 86 



dd 



< -2(inf V ") J (jj^J dB (3.39) 



Integrating this inequality yields 



I /(§) ^^^) OH!- IIC(T,)liy 



< 



1 



2(inf v? 

Since ||C(0, -)IIl 2 * s fioite, we obtain 



^IIC(0,-)||1 2 - (3.40) 



o 



^] dddt < oo. 



Moreover, since ip" is bounded, we also get the bound on dip' (Q/ 86 = ip"(()8(/86 



rim 2 — 



We then have 

Id f (d v \C)\\ n [fyiQ 8 ( „^(9 2 



2 dt / V 86 



2 



^(0 (|^'(C) ) 

<-A / (X^(0) <W (3.12) 



86 

<-Avr 2 | (J^'(C)Y^ (3-43) 

where the last inequality is a consequence of the Poincare inequality ||m||l 2 < 
7r||-u / ||i2 for all functions in if 1 (T) with mean zero. 
Combining (13.411) and (I3.43p . we get for any t\ > t 2 > 

8<p'(at 2 ,d))\ 2 Jn ^ c 



86 J ~ ti 



d6<— exp(-2\ir\t 2 - h)). (3.44) 
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Moreover, using (13.42p . we get 



09 



2^(0) d9< 



CT 



(3.45) 



for any < e < T. 

In the same way, we have 



id /"/aycc) 



2dt 



de 2 
= -/✓«) 

< -A 



d0 



d0 3 / oe 



de 2 



de 



SV(C)\ fd\'(0\ W(C) 



d0- 



<90 3 J \ oe 2 j v 50 
9V(C)\ /0V(C)\ W'(C) 



<90 3 



90 2 



5^ 



<90 3 

gwr 

de 3 



A simple calculation yields 

0y"(Q y (3) (C)^(0 
90 ^"(C) 90 

and our assumption of boundedness on ip^/ip" then yields the bound 



d0. 



d0 



d0. 



(3.46) 



<90 3 J \ oe 2 J V 90 

SVCCA /^V(C)\. fMO 

90 



- 90 s ; v de 2 

Using Holder's inequality, we then have 

W(C)\. W(C)\ W(C) 



< 



oe 3 

gW) 
90 3 



90 2 

2 \ 1 - 

de 



oe 



de 



gW) 

90 2 



4 X 1 : 

de 



90 



1/4 



(70 



(3.47) 



By an application of Lemma I3.4[ we have 



gW) 

90 2 



1/4 



d0 



< c 



oe 2 



and 



gW) 
90 3 



f/0 



(3.48) 
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Plugging (E3HD and ( ESj) into (EQ7|) . we get 



0Y(O 



d0 



(3.49) 



( d 3 y'(Q \ ( W(Q \ 

V de* J \ de 2 )\ de J 

<"(^) 2 -) 5/7 ^ 9V(cr2 



de 2 



1/2 



d0 



(3.50) 



Using the classical interpolation inequality H^'H^a < I M |l 2 I U 2 > we get 

W(C) 



2 ,, /U 2 \V2 /, /Q3 ._„^ x 2 \ V4 / „ /Q _ //AXX 2 \ I/ 4 



^ 2 

and therefore 



de 



< 



2 \ 7 /8 



< 



I \J V ua J I 
Finally, using Young's inequality ab < 7a 8//7 /8 + 6 8 /8, we get for any 5 > 



< 



<*"(r{W<> )4 urn- 



(3.52) 



Taking 5 small enough and inserting this inequality into (13 .46j) . we get 



1 d f fd 2 cp'(C) 



2dt J v de 2 

< - 



de 



(3.53) 



40 



Combining (|g^3|) . (E3SD and ( g33D , it is easy to see that / (^F) 2 ^ is 
uniformly bounded for £ in [e, T], for all T > e > 0. Since we can inject H 2 (T) 
into C 1+Q (T) for some a > 0, y/(C(£, •)) lies in C 1+Q (T) for all t in [e,T]. Since 
if' is invertible and ip' ; is positive, this implies that ((t, •) also lies in C 1+a (T) 
for all i in [e, T\. Using this fact, we can rewrite the PDE as 



Taking a(t, 9) = <p"(((t, 9)) and b(t, 9) = <^ {3) (C) (§), we S et that ( is a solution 
of the linear parabolic PDE 

with coefficients a and 6 that belong to C a . We can then use the theory for 
regularity of the solutions of linear parabolic equations (see for example [LSU]) 
to show that £(*,•) lies in C 2+Q (T) for all t in [e, T). The fact that § lies in C Q 
for all t in [e, T] immediately follows from the PDE. 
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